Math 104-01, Spring 2006, Exam 1

Name:
I have adhered to the Duke Community Standard in completing this examination.
Signature:

Instructions: There are five pages of problems. Each is worth 20%. You have 50 minutes. Calcu-
lators are not allowed.

Always show all of your work. Pictures are often helpful. Partial credit will be awarded.
Give simplified, exact answers, and make sure they are clearly marked.

If you are unsure about how you should interpret any question, ask me. If you are unable to
begin a problem because you don’t remember a key formula or can’t figure out how to set up the
problem, you may ask me for a hint. The hint will cost you some points.



1. In R™ I have k vectors ¥, ..., U;. Their span is some subset of R", and I want to understand it.
To be specific, my problem is to find a system of linear equations whose solution set is the span in
question.

A. Describe in words how you would solve this problem, in general.

B. Explicitly solve the problem for the particular case when n = 4, k = 3, v; = (1,0, -1, 2),
vy = (0,3,1,0), and U3 = (1,6,5,3).



2. In R™ I have k hyperplanes through the origin with normals a7, ..., dg. The intersection of these
hyperplanes is some subset of R, and I want to understand it. To be specific, my problem is to
find a parametrization of the intersection.

A. Describe in words how you would solve this problem, in general.

B. Explicitly solve the problem for the particular case when n =4, k =2, a; = (0,0,2,4), and
ar = (1,3,—1,0).



3. [Preamble: The projection of ¥ onto  is denoted proj ;U or sometimes A, Once this is defined,
one can define 7+ = ¥ —ll, so that 7 = ¢!l + ¢+ with @!l parallel to the line ¢ and 7+ orthogonal to
this line. In your homework (2.1#£7) you have described such projections in R? using 2 x 2 matrices.
In this problem we carry out the same computation, but in R3, and projecting onto a plane rather
than a line.]

In R3 let @ = (a1, as, a3) be any nonzero vector and P the plane through the origin with normal

a. For any vector ¥ = (v1, ve,v3), let

—1

ot = projzv and il =5 - ,

so that ¢ = ¢!l + L. Since o is a multiple of @, it must be normal to the plane P.

A. Prove that &l lies in the plane P.

B. Find a 3 x 3 matrix A that represents projection onto the plane P. That is, find A such that
A% = ¢l for all vectors 7 € R3. (A will depend on @, of course.)



4. A materials lab in suburban Madagascar is studying low-temperature conductivity in metal.
The technicians have set up a thin metal plate measuring 3 cm x 3 cm. While their experiment
is running they are able to measure the temperatures along the boundary of the plate but not
in the interior of it. They need to be able to infer the interior temperatures from the boundary
temperatures. This is rather difficult, so they make the following approximation.

The technicians place an imaginary 4 x 4 grid of points over the plate and measure the temper-
atures at the twelve boundary grid points as in the figure. The temperatures tq, t9, t3, t4 in the
interior are unknown, but it is reasonable to assume that at each interior grid point, the temperature
1s the average of the temperatures at the eight grid points around it.

Using this assumption, find ¢y, t9, t3, and t4. [Make it very clear which equations you are
solving, which matrix you are reducing, etc. This earns most of the points. Only solve for the ¢; if
you have time. If you need extra space, use page 1.]
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5. Let A be any n x n matrix, I the n x n identity matrix, and O the n X n zero matrix. In this
problem, show in detail any matrix algebra you do; do not skip steps.
A. Assume that A2 = Q. Find an inverse for the matrix I — A.

B. Assume that A* = Q for some k > 2. Find an inverse for I — A. [You have already done the
k = 2 case; you might try k = 3 next, to help you see the pattern.]

6. Let A be an m x n matrix and b a vector in R™. Assume that AZ = b is consistent. What
relationships (equalities or inequalities) exist among the following four numbers: m, n, the rank r
of A, and the number p of free parameters used in describing the solutions of Ax = b?



