Multiple integrals”™"
Integrand function f(x,y, z), domain of integration D, // fdD or /// fdD.
D D

1) Pick coordinate system: xzyz (rectangular), r6 (polar, cylindrical or spherical),
or uvw (general change of variables, Jacobian) — dD.

dA = dArea dV = dVolume dS = dSurfaceArea

2) Write boundaries of domain of integration: limits of integration
3) Pick order of integration, do iterated integrals one variables at a time.

ds = dArclength

Rect Cyl Sph General

rT=z x=rcosb x = psin¢cosb x = z(u,v,w)
y=y y =rsinf y = psin¢sin 6 y = y(u,v,w)
2=z 2=z zZ=pcos¢ z = z(u,v,w)

Area (2d) ¥ = zi+ yj z = xz(u,v),y = y(u,v)

dA=Jdudv  J =, xF| =] " Y ‘
Ty  Yov
Rect Area dA = dydx = dx dy ‘
Polar Area dA = rdrdf

Volume (3d) ¥ = i+ yj + 2k z = z(u,v,w),y = y(u,v,w), z = z(u, v,w)

Tu  Yu Zu
dV = Jdudvdw J= Ty (Fu XTy)|=| Tv Yo 2
Tw Yw Rw
Rect Volume dV =dzdydz
Cyl Volume dV =rdzdrdf |
Sph Volume dV = p?sin ¢ dpde db ‘

Arclength (1d) y = f(x), ds? = dz? + dy?, dy = f'(x) dx

y = f()

ds =+/1+ f'(x)?dx

Surface Area (2d) F = zi + yj + 2k

z = x(u,v),y = ylu,v), z = z(u,v)

dS = [Fy X Ty|dA =

i k
Ty Yu 24 || dudv
Ty Yv R

Graph of surface 2 = u,y = v,z = f(z,y), T=zi+yj + f(z,y)k

sz(.ﬁ,y)

dS = \/1+ f2 + f2dy da

Cylinder, radius 7 = a

dS =adzdf

Sphere, radius p = a

|dS = a®singdode)|

Cone, angle ¢ = «

‘dSz psinozdpd&‘

xy plane area, © = x(u,v),y = y(u,v),z =0
s =

dA

1

INote: The “||stuff||” in the general formula for dS means “the length of the cross product vector given by the

determinant.”




