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Math 31L 03-04 Fall 2006 Exam 3

Instructions: You have 75 minutes. You may use your TI-83 or equivalent
calculator. Always show all of your work. Partial credit is often awarded.
Pictures are often helpful. Give simplified answers, as exact as possible. Put
a box around each answer. Ask questions if any problem is unclear. Good
luck.
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1. Compute the following integrals. Give exact, simplified answers.
A.

∫ 2
1 t2 − 3t + 6 dt

B.
∫ π/4
0

1
1+x2 dx

2. Let f(x) =
∫ x
1 (t − 3)2(et − 1) dt. Find all local maxima and minima of

f(x). Show your work.
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3. The city of Superville, Nebraska covers a circular region of radius 4 km.
At a distance of x km from the city center, the population density is about

m(x) =
30√
x

people/km2.

A. Where is the population most dense? Where is it least dense?

B. Using n concentric rings, write a Riemann sum that approximates the
total population of Superville.

C. Write an integral that represents the total population.

D. Evaluate that integral exactly.

E. What is the average population density of Superville, in people per km2?

3



4. You are the prime minister of Superland, a nation with a constant popu-
lation of M people, some of whom are unfortunately infected with the Bad
virus. Let I(t) be the number of people with the virus on day t. The virus
is mutating, which is causing its “infectiousness” (the ability to infect an
exposed person) to change. Suppose that the rate of infection, in people per
day, equals 10−7 times the product of the following three factors:

1. the number I of infected people,

2. the number of people not infected, and

3. the infectiousness, which your best scientists say is 10−6(I −M/2).

A. Write a differential equation for the number of infected people.

B. Find the equilibrium solutions of the differential equation.

C. After making a quick survey of the country, your health minister guesses
that roughly half of the population is infected. From this, can you determine
the long-term behavior of the infection? If so, what is it? If not, why not?
(Hint: You may want to sketch a slope field.)
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5. Label each slope field below with the letter (A, B, C, D) of the corre-
sponding differential equation.

A :
dy

dx
= (−y − 1)(1 + x) B :

dy

dx
= (−y − 1)(1 + y)

C :
dy

dx
= (−y − 1)(1 + x2) D :

dy

dx
= (−y − 1)(−1− x)
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6. Clearly and thoroughly describe the distinction between∫
f(x) dx and

∫ b

a
f(x) dx.

7. A function y = f(x) is pictured here:

1

2

1

!1
43 52

A. On the picture, draw the area corresponding to the Riemann sum

5∑
k=0

f

(
xk + xk+1

2

)
∆x,

where ∆x = 0.5 and xk = 1 + k∆x.
B. Let F (x) be an antiderivative of f(x). There are six pairs of numbers
below. Between each pair, mark “<”, “>”, or “=” to indicate that relation-
ship, or mark “?” to indicate that the relationship cannot be determined.∫ 5

0
f(x) dx 0

∫ 3

0
f(x) dx 4

f ′(0.5) F (2)− F (0) F (3)− F (1) 2

F (2) 2 F (4) F (3)
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8. Does every continuous function have an antiderivative? Explain.

9. One fine winter day, the temperature of Lake Mendota is 7◦ (centigrade)
while the ambient air temperature is −10◦. Let x(t) be the temperature of
the lake on day t afterwards. Assume that the air stays at −10◦, and that
the lake cools at a rate equal to twice the difference in temperature between
it and the air.
A. Write a differential equation and an initial condition to describe this
problem.

B. Solve this initial value problem using separation of variables.
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