Using Taylor Polynomials to Approximate Functions

(a) Find Ps3(z), the third-order Taylor polynomial for f(z) = e® ata = 0.
(Ans: P3(z) = 1+:r+§%+ ?3—:,‘)

(b) Find an upper bound for the error if P;(.5) is used to approximate e, given that
e <4 =2

(Ans: Error = | R3(.5) | < 45 < .00521.)

(c) Find n so that P,(.5), the n-order Taylor polynomial for f(z) = e® at @ = 0 with
z = .5, estimates e*® to five decimal places (i.e., with error < .000005). For the n you
find, evaluate P,(.5).

(Ans: n = 6 and e® =~ Pg(.5) ~ 1.64872 to five-decimal-place accuracy.)

(a) Find P4(z), the fourth-order Taylor polynomial for f(z) = Inz ata = 1.
(Ans: Py(z) = (z — 1) - G ¢ 1P _ 1)t

(b) Find an upper bound for the error if Py(z) is used to approximate In
for|lz — 1| < .1.
(Ans: Error = |R4(z)| < gz < 3.39 x 107%)

Find an upper bound for the error if =z — . is used to approximate sin(z) for
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x =31 = I50-

(Ans: If we regard the polynomial as P3(z), then the

31m 4

error = |R3(347)| < ~IB~ < .00357.
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If we view = — g—? as Py(z), then the error = |R4(34T)| < Ll—l < .000387.

We can also get the latter upper bound by using the Altematmg Series Error Estimate.)

Find an upper bound for the error if = — ?3—? + g—? - ’;—: is used to approximate sin(z) for

—91° — 3lr
r=231 = 180-

(Ans: Regarding the polynomial as Pg(z) we have the
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error = |Rg(3L7)] < (‘80) < 1.10 x 1078,

This upper bound can also be obtained w1th the Alternating Series Error Estlmate )




5. Let P,(z) be the n'*-order Taylor polynomial for f(z) = sinz ata = .

(a) Find P3(zx).

(Ans: Py(z) =3+ 2ég(ac ~n-1 (1‘2‘5) A[(ac——)3 )

(b) Find an upper bound for the error when P; ‘gg is used to approximate

sin(31°) = sin(342

(Ans: [Ry(3r)| < (@) < 387 x 1079.)

¢) Find an upper bound for the error when P7($%) is used to approximate
Find bound for th hen P;(3L%) i d to approxi

sin(31°) = sin(37) .

(Ans: Error = |Ry(3lr)| < Gl L <2.14x 1071 -)
180

Note: Problems 3-5 illustrate that approximations improve when n increases and when a is
chosen closer to .




